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Introduction

Glimpse of the Riemann conjecture idea

B. Riemann made an important (and unexpected) connection
between number theory and complex functions analysis
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Introduction

Glimpse of the Riemann conjecture idea

B. Riemann made an important (and unexpected) connection
between number theory and complex functions analysis

m(|z]) = Ri(z)

Prime numbers
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Ri(z) = :0:1 %Li(zl/n), p(n) is the Mobius function and Li(z) = f: lr:i(tt)

P-V./Gosea/Vuillemin/Antoulas [2/18]



Introduction

Glimpse of the Riemann conjecture idea

B. Riemann made an important (and unexpected) connection
between number theory and complex functions analysis

w(|lz]) =~ Ri(z) — Z Ri(z?") (trivial zeros)
Pr

¢ phase plot

Prime numbers

[ 10 20 30 40 50
’ Real
Ri(z) = ) > #0) 15(1/™), pu(n) is the Mobius function and Li(z) = f; o)

P-V./Gosea/Vuillemin/Antoulas [2/18]



Introduction

Glimpse of the Riemann conjecture idea

B. Riemann made an important (and unexpected) connection
between number theory and complex functions analysis

w(|z]) = Ri(z) — Z Ri(zf") — Z Ri(zf?) = J(x) (trivial and non-trivial zeros)
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Introduction

Glimpse of the Riemann conjecture idea®

J(z) = Ri(z) - Z Ri(z’r) — Z Ri(z%)
Pr pi

5 non-trivial zeros of ¢
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! Authors warmly thank David Louapre (https://scienceetonnante.com/) for providing the Python code
allowing to compute the Riemann prime counting function.
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Introduction

The ¢ function. . .a central element

Initially defined as (2 € Cy(z)>1)

=3~
n=1

¢ evaluation

Evalutation of ¢ along

1+
z= =41
B Y

% J-P. Berrut and L.N. Trefethen, "Barycentric Lagrange interpolation”, SIAM review, 2004.
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Introduction
This talk

Loewner and AAA to approximate ( zeros

» Interpolatory Loewner method [Mayo/Antoulas]
> Interpolatory AAA method [Anderson/Antoulas] & [Trefethen]

% A.C. Antoulas, C. Beattie and S. Gugercin, "Interpolatory methods for model reduction”, SIAM

Computational Science and Engineering, Philadelphia, 2020.

A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realization problem",
Linear Algebra and its Applications, 2007.

Y. Nakatsukasa, O. Sete and L.N. Trefethen, "The AAA algorithm for rational approximation”, SIAM
Journal on Scientific Computing, 2018.

L.N. Trefethen, "Rational functions (von Neumann Prize lecture)", SIAM Annual Meeting, 2020.
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Given model H and p;,
Ai, seek I s.t.

Interpolatory framework

Loewner model-based approximation (rational interpolation)

% A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realization problem",
Linear Algebra and its Applications, 425(2-3), 2007, pp 634-662.
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Given model H and p;,
Ai, seek I s.t.

H(z) = W(

Interpolatory framework

H(py)—H(A1)
H1—A1
L=
H(pg)—H(A1)
Hg—A1

piH(p1)—HA1)A

H1—A1

M= :
pgH(pg) —HA1) A1

Hg—A1
W= H(\u)
vl = [ H(p1)

Loewner model-based approximation (rational interpolation)

H(pi)—HA\g)
H1— Ak

H(ug)—H(Ap)

Hq—Ak
piH (1) —HAXE) A
H1— Ak
HqH(Hq)_H(Ak))‘k
Hqg—Ak

H(\x) ]

H(uq) ]

2L+ M)~V = Rational interpolation

% A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realization problem",
Linear Algebra and its Applications, 425(2-3), 2007, pp 634-662.
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Given {uj, v}, {Xi, wi}
data, seek I, s.t.

Interpolatory framework

H(p)—H(A)
H1—A1

L= :
H(pg)—H(A1)
Hg—A1

piH(p1)—HA1)A
Br1—A1

M=

Hg—A1

W= H(\u)

vl = [ H(p1)

jgH(g) ~HO) AL

Loewner data-driven approximation (rational interpolation)

H(p1)—H(Ag)
H1— Ak

H(pg)—HAg)
Hq—Ak
piH (1) —HAXE) A
H1— Ak
NqH(Hq)_H(Ak))\k
Hq_kk

H(\x) ]

H(uq) ]

% A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realization problem",

Linear Algebra and its Applications, 425(2-3), 2007, pp 634-662.
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Interpolatory framework

Loewner data-driven approximation (rational interpolation)

V]—W7] V]i—Wp
. H1—A1 T p1—Ag
Given {uj, v}, {Xi,wi} L )
data, seek 1, s.t. - : :
Vg—wWi1 Vg~ Wk
Au) = v,
HOX) = w, B1Vi—wWiAg B1Vi—Wi g
H1—A1 H1— Ak
i=1,...,k j=1, M=
HqVg—WiAl HqVy— Wik
Hg—A1 Hq—Ak
W = [ w1 W ]
vT = [ V1 Vq ]

H(z) = W(—zL + M)~V

= Rational interpolation (data-driven)

% A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realization problem",
Linear Algebra and its Applications, 425(2-3), 2007, pp 634-662.

P-V./Gosea/Vuillemin/Antoulas [7/18]



Interpolatory framework

Some features of the Loewner landmark

s24+s+1
Rational function satisfies H(s) = s+1
H(\;) = H(\i) and H(y;) = H(y;)
Sampled with \; = [1,2,...,20] and
w; = [1.5,2.5,...,20.5], leads to

realization of dimension

Input 1

[—Original
18

Output 1 [dB

Pulsation [rad/s]

% A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realization problem",
Linear Algebra and its Applications, 425(2-3), 2007, pp 634-662.
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Interpolatory framework

Some features of the Loewner landmark

s24+s+1

Rational function satisfies H(s) = s+1

H()\;) = H()\;) and H(u;) = H(y)
Sampled with \; = [1,2,...,20] and

w; = [1.5,2.5,...,20.5], leads to
Realization realization of dimension » = 20
H(s) = W(—sL+ M)~V
Input 1

|- -Loewner full

Output 1 [dB

Pulsation [rad/s]

% A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realization problem",
Linear Algebra and its Applications, 425(2-3), 2007, pp 634-662.

P-V./Gosea/Vuillemin/Antoulas [8/18]



Interpolatory framework

Some features of the Loewner landmark

s24+s+1

H(s): s+1

Rational function satisfies

H()\;) = H()\;) and H(u;) = H(y)
Sampled with \; = [1,2,...,20] and

w; = [1.5,2.5,...,20.5], leads to
realization of dimension » = 3 (v = 2)
Rank reveals the underlying rational (1)
and McMillan (v) orders
10°
rank([L, M]) = r o™
rank(L) = v 2 o
ém“’
Em“
107100 5 10 15 20

index

% A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realization problem",
Linear Algebra and its Applications, 425(2-3), 2007, pp 634-662.
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Interpolatory framework

Some features of the Loewner landmark

s24+s+1
Rational function satisfies H(s) = s+1
H(\;) = H(\i) and H(y;) = H(y;)
Sampled with \; = [1,2,...,20] and
w; = [1.5,2.5,...,20.5], leads to

realization of dimension » = 3 (v = 2)
Rank reveals the underlying rational (1)

and McMillan (v) orders

Input 1

rank([L,M]) =r

rank(L) = v ”

Output 1 [dB]

Minimal realization

H.(s) = WX (—sV TLX+V MY)" vV

10
Pulsation [rad/s]

% A.J. Mayo and A.C. Antoulas, "A framework for the solution of the generalized realization problem",
Linear Algebra and its Applications, 425(2-3), 2007, pp 634-662.
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Interpolatory framework

AAA model-based approximation (rational interpolation)

Mixes Least Squares with Loewner in an iteration

Given {vj,h;}, {mi,9i}
data, seek FI, s.t.

‘
¢ on
A g3=1 &—v;
Hy(§) = ———5—
e « .
J
j=1 &—v;

i = 1,...,¢ and j =
1,...,2n —¢.

% Y. Nakatsukasa, O. Sete and L.N. Trefethen, "The AAA algorithm for rational approximation", SIAM
Journal on Scientific Computing, 2018.
% Chebfun Developers, "http://www.chebfun.org/", University of Oxford.
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Interpolatory framework

AAA model-based approximation (rational interpolation)

Mixes Least Squares with Loewner in an iteration

Given {vj,h;}, {mi,9i} > Find v, € Q1) where
data, seek I1, s.t. vy = argmaxi<g<om ||fx — He—l(zk)H
¢
¢ on
j=1 &§—vj
Hy(§) = @

% Y. Nakatsukasa, O. Sete and L.N. Trefethen, "The AAA algorithm for rational approximation", SIAM
Journal on Scientific Computing, 2018.
% Chebfun Developers, "http://www.chebfun.org/", University of Oxford.
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Interpolatory framework

AAA model-based approximation (rational interpolation)

Mixes Least Squares with Loewner in an iteration

Given {vj,h;}, {mi,9i} » Find 1, € Q1) where
data, seek I1, s.t. vy = argmaxi<g<om ||fx — He—l(zk)H
0) . -1
p ay)hj > S?t-il( )= QU= {y,}, where ,
il ht = H(vy)
H,(§) = O

% Y. Nakatsukasa, O. Sete and L.N. Trefethen, "The AAA algorithm for rational approximation", SIAM
Journal on Scientific Computing, 2018.
% Chebfun Developers, "http://www.chebfun.org/", University of Oxford.
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Interpolatory framework

AAA model-based approximation (rational interpolation)

Mixes Least Squares with Loewner in an iteration

Given {vj,h;}, {mi,9i} » Find 1, € Q1) where
data, seek I1, s.t. vy = argmaxi<g<om ||fx — He—l(zk)H
0) . -1
p ay)hj > S?t-il( )= QU= {y,}, where ,
- - h* = H(vy)
a j=1 &§—vj
(&) = @D > Compute a9 = —IL#f
Zj:l gjuj > Set
i = 1,...,£ and j = E = diag(1,...,1,0)
1,...,2n—¢ A = diag(v,...,vr, 1) — Bezﬂ_i_1
B = a7, ... “) 17
c = [hl,...,hT,O]

Hy(2) =C(:E - A)™'B = best average fitting of the data (data-driven)

% Y. Nakatsukasa, O. Sete and L.N. Trefethen, "The AAA algorithm for rational approximation", SIAM
Journal on Scientific Computing, 2018.

% Chebfun Developers, "http://www.chebfun.org/", University of Oxford.
P-V./Gosea/Vuillemin/Antoulas [9/18]



Numerical illustration

Process

= ROM

Rational function

Rational approximation r state variables

p; and A; (Loewner case) & v; and n; (AAA case)
As chosen by Trefethen et al. (left) & Random case (right)

o Interpolation points o Interpolation points
o o
o o
2] 2]
10 10
= 0 = o
10 10
20 20
30 30
40 40
05 1 15 2 25 3 35 s
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Numerical illustration

Zeros computation on the rational interpolant

Interval [0, 50], n = 1000, ¢(4 + wy)

Real part mismatch Imag. part mismatch

e Loewner @Q(y).5+1i*y
100t 1001 O Loewner @(y)4'+1i*y
AAA Q(y)4+1i*y
> o . e ® o o ® g ¢ o ® o o s . ° a
5 a °
10 py I 10 v
o.08¥ qot
p o - Ogo
10-10‘, oo o =
i 10"
2 4 6 8 10 2 4 6 8 10
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Numerical illustration

Zeros computation on the rational interpolant

Interval [0,100], n = 1000, ¢(4 + )

Real part mismatch Imag. part mismatch

e Loewner @Q(y).5+1i*y
O Loewner @(y)4+1i*y

0| 0|
10 10 AAA @(y)4+ ity

bo .O... ....... ......... u 1'.0...‘0..... ° .o........oﬂ

107} .. | uﬁﬂj 101 R ’ Ifbn'fl
qﬁﬁfb ) F'Fﬁh
11 10720]
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Numerical illustration

Zeros computation on the rational interpolant

Interval [0, 300], n = 1000, ¢(4 + )

Real part mismatch Imag. part mismatch

e Loewner Q(y).5+1i*y
O Loewner @Q(y)4+1i*y
7 AAA @(y)4+1ity

=
20 40 60 80 100120
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Numerical illustration

Zeros computation on the rational interpolant

Interval [0, 50], n = 1000, ¢(3 + 0.5sin(y) + wy)

Real part mismatch Imag. part mismatch

« Loewner Q(y).5+1i*y
O Loewner @Q(y)((3+.5*sin(y))+1i*y)

0L
10 AAA Q(y)((3+.5%sin(y))+1i*y)
> o .0... 0.’0...0..
[ ] [ ]
-5 -5
10 i 10
= m|
0
t oo
=0 5 H O
| R ] i
10% Y O 104
=1 : —g ‘
2 4 6 8 10 2 4 6 8 10
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Numerical illustration

Zeros computation on the rational interpolant

Interval [0,100], » = 1000, ¢(3 4 0.5sin(y) + vy)

Real part mismatch Imag. part mismatch

« Loewner Q(y).5+1i*y

100t O Loewner @Q(y)((3+.5*sin(y))+1i*y)
AAA Q(y)((3+.5%sin(y))+1i*y)

'.o ............. ..°.'.o...' "o"o..O.O. o0 ..o.o...° o0®
107 . ’

.
° q 10-5 L
= i
W"A
v

Pattrga el
10° IOLF%ML‘&‘ ) ﬂlﬁﬁ‘u

5 10 15 20 25 5

10 15 20 25
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Numerical illustration

Zeros computation on the rational interpolant

Interval [0, 300], n = 1000, ¢(3 4 0.5sin(y) + vy)

Real part mismatch Imag. part mismatch

. Loewner()5+li*y
O Loewner @Q(y)((3+.5*sin(y))+1i*y)
7 AAA Q(y)((3+.5*sin(y))+1i*y)

20 40 60 80 100120
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Numerical illustration

Zeros computation on the rational interpolant
Interval [0, 300], n = 1000, ¢(3 4 0.5sin(y) + vy)

Eigenvalues
400

200 - .

-200 | e Loewner @(y).5+1i*y
[ Loewner @Q(y)((34.5%sin(y))+1i*y)
7 AAA Q(y)((3+.5%sin(y))+1i*y)

-400 !
-10 -8 -6 -4 -2 0 2

Loewner pencil finds trivial and non-trivial zeros, whatever the choice of
interpolation points
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Numerical illustration

Pencil singular values
Interval [0, 50], n = 1000, ¢(4 + wy) & ¢(3 4 0.5sin(y) + wy)

Loewner pencil singular values Loewner pencil singular values

[~ ~Exact zeros
O Loewner @(y) 5+1i*y
% Loewner @(y)((3+.5*sin(y))+1i*y)

[~ ~Exact zeros
O Loewner @(y) 5+1i%y]
% Loewner @(y)d-+1i*y

200 400 600 800 1000 200 400 600 800 1000

Loewner pencil detects the number of non-trivial zeros
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Numerical illustration

Pencil singular values

Interval [0,300], n = 1000, ¢(4 + ty) & ¢(3 4 0.5sin(y) + wy)

Loewner pencil singular values Loewner pencil singular values
T T

10
w K [ Eoxact zeros i [ Eoxact zeros
O Loewner @(y).5+1i%| O Loewner @(y).5+1i%y
% Locwner @(y)4+1ity % Loewner @(y)((3+.5%in(y))+1i*y)
10° H 10°
'
'
[
107° ! 10%° ' !
i '
I '
I '
% '
105 1 1015 '
' '
102 102
0 200 400 600 800 1000 [ 200 400 600 800 1000

Loewner pencil detects the number of non-trivial zeros
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Numerical illustration

Zeros computation with projected rational model

Interval [0,300], n = 1000, ¢(4 + ty) & ¢(3 4 0.5sin(y) + wy)

Real part mismatch o Imag. part mismatch
107 r 10
O Loewner @Q(y).5+1i*y

[ Loewner @Q(y)((3+.5%sin(y))+1i*y)
Loewner proj. @Q(y).5+1i*y
+ Loewner proj. @Q(y)((3+.5*sin

Y‘j‘\;{f % o

())+1i*y)

10719
" 20 40 60 80 100120 " 20 40 60 80 100120

H(s) = WX (—sy LY +Vv M)~V
Minimal rational function catches the zeros as accurately as full realization!
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Conclusions
Back to J(z)... J(x)

j(m) = Ri(z) — ZRi(mp’”) — Z Ri(z)

Pr pit=1...500

) — X Ri(a?)
.-...‘|‘:](9:~) —!J(.z)I'IJ(w)\ [%]

10

20 30 40 50
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Conclusions
Back to J(z)... J(z)

J(z) = Ri(z) — ERi(mp") - Z Ri(z”)

Pr pit=1...200

£ 10°
2 L
: — (D m
= 10 Ri(z) — > Ri(z”) — > Ri(z”)
“E’ () — J(@)|/13(z)| [%]
=W

10

0 200 400 600
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Conclusions

Take home message2

Loewner and AAA enforce rational approximation of complex functions,

> and find "accurate" rational models
> catches the exact number of ¢ zeros at low cost
> seems more robust to the interpolation points selection

— How to select interpolation points?
— Any idea? Please contact us!

Bernhard Riemann (1826 - 1866) Karl Loewner (1893 - 1968)

2Ack. to David Louapre (https://scienceetonnante.com/) for inspiration and help.
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Relative error

Appendix

Interpolation points?

Interval [0, 100], n = 1000, ¢(4 + 2y) & ¢(3 + 0.5sin(y) + @y)

10

10-10

10—11

10-12
0

Alternate vs. Random shift

-)kLLoewner (;zlternate) @(y)((3+A5*‘sin(y))+1i*‘y)
-¥-Loewner (rnd) @(y)((3+.5%sin(y))+1i*y)
AAA Q(y)((3+.5%sin(y))+1i*y)

5 10 15 20 25
# zero
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